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An experimental study of a reactive plume in 
grid turbulence 
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(Received 28 October 1994 and in revised form 13 July 1995) 
Experimental results for a reactive non-buoyant plume of nitric oxide (NO) in a 
turbulent grid flow doped with ozone ( 0 3 )  are presented. The Damkohler number 
( N D )  for the experiment is of order unity indicating the turbulence and chemistry 
have similar timescales and both affect the chemical reaction rate. Continuous mea- 
surements of two components of velocity using hot-wire anemometry and the two 
reactants using chemiluminescent analysers have been made. A spatial resolution for 
the reactants of four Kolmogorov scales has been possible because of the novel design 
of the experiment. Measurements at this resolution for a reactive plume are not found 
in the literature. The experiment has been conducted relatively close to the grid in 
the region where self-similarity of the plume has not yet developed. Statistics of a 
conserved scalar, deduced from both reactive and non-reactive scalars by conserved 
scalar theory, are used to establish the mixing field of the plume, which is found to 
be consistent with theoretical considerations and with those found by other investiga- 
tors in non-reactive flows. Where appropriate the reactive species means and higher 
moments, probability density functions, joint statistics and spectra are compared 
with their respective frozen, equilibrium and reaction-dominated limits deduced from 
conserved scalar theory. The theoretical limits bracket reactive scalar statistics where 
this should be so according to conserved scalar theory. Both reactants approach their 
equilibrium limits with greater distance downstream. In the region of measurement, 
the plume reactant behaves as the reactant not in excess and the ambient reactant 
behaves as the reactant in excess. The reactant covariance lies outside its frozen and 
equilibrium limits for this value of No. The reaction rate closure of Toor (1969) is 
compared with the measured reaction rate. The gradient model is used to obtain 
turbulent diffusivities from turbulent fluxes. Diffusivity of a non-reactive scalar is 
found to be close to that measured in non-reactive flows by others. 
1. Introduction 
Turbulent reacting flows are common in natural and man-made environments. Ex- 
amples can be found in oceans and lakes, the atmosphere, biological processes, and 
turbulent combustion. These flows often have complex turbulence and may involve 
multi-step chemistry. Theoretical or experimental study of this complex process gen- 
erally requires simplification of the turbulence field, the fluid boundary conditions 
and the chemistry. The present work applies an accurate, reliable and well-established 
measuring technique to an experimental configuration that is simplified as follows : 
simple classical flow which is a point source plume in approximately homogeneous 
turbulence; a reaction which is passive so that the chemical reaction has insignificant 
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heat release and does not affect the fluid mechanics; one-step irreversible chemical 
reaction; and Schmidt numbers (defined later) for the reactants which are very close 
and near unity. However, the mixing field is not self-preserving because it is relatively 
close to the turbulence-generating grid. 
The aim of the present work is to obtain a well-resolved set of concentration and 
velocity data that can be used to improve our understanding of turbulent reacting 
flows and to develop advanced models for computation of these flows. 
The important theoretical issues that the present results can throw light on will 
now be surveyed briefly. Conserved scalar theory (Bilger 1980~1, Bilger, Saetran & 
Krishnamoorthy 1991) leads to considerable simplification of the scalar conservation 
equations by describing the instantaneous state of mixedness of two fluids in terms of 
a conserved scalar, to which all other conserved scalars are linearly related. Conserved 
scalars are quantities such as combinations of temperature and species concentrations 
that have no chemical source term in their conservation equations. Assumptions 
involved are low Mach number, adiabatic flow, equal diffusivities of scalars and 
Lewis number (defined later) (for combusting flows) of unity. These assumptions need 
to be tested in different flows. For example, the first measurement which showed 
the effect of Schmidt number (defined later) in shear layer mixing was Breidenthal 
(1979). Later Koochesfahani & Dimotakis (1986) found that product formation is 
significantly reduced by Schmidt number effects in reacting-liquid mixing layers. In 
modelling turbulent transport, simplifications such as the empirical gradient model 
are known to break down where the scale of the scalar is not sufficiently larger than 
the scale of the turbulence. While good results have been obtained in grid turbulence 
this is a special case. Knowledge of the mean reaction rate is essential for models 
of turbulent reacting flow. In the p.d.f. approach of Pope (1985) this rate is implicit, 
but there is still the problem that the mixing must be modelled for the correct form 
of the p.d.f. to be found. Perhaps the simplest approach to find the mean reaction 
rate is the product of means closure which is known to have large errors because 
reactant fluctuations are ignored. In the fast chemistry limit of Bilger (1980a), the 
species are uniquely related to a conserved scalar and the reaction rate is proportional 
to the mean scalar dissipation conditional on the value of a conserved scalar. This 
has led to great interest in the joint statistics of a scalar and its dissipation in non- 
reactive flows (Prasad & Sreenivasan 1990). Other approaches for the mean reaction 
rate are the reaction-dominated limit (Me11 et al. 1994), the Toor (1969) closure, the 
laminar flamelet model (Peters 1988), the perturbation closure (Bilger 1980b), and the 
conditional moment closure. The latter was developed independently by Bilger (1993) 
and Klimenko (1990). They derive scalar conservation equations that are conditioned 
on the value of a conserved scalar. Fluctuations around the conditional mean reactive 
scalars are often negligible so that the reaction rate can accurately be found simply 
from the product of conditional means. The effect of reaction on scalar spectra is 
also of interest in the study of turbulent reacting flow (Corrsin 1961, 1964). Theory 
has recently been developed by Kosaly (1993) to predict the auto- and cross-spectra 
of reacting scalar fluctuations. 
A significant advance in the experimental study of turbulent reacting flows has been 
made by Bilger e t  al. (1991). They developed a technique using a facility known as 
the Turbulent Smog Chamber to make simultaneous high-resolution measurements 
of reactant concentrations and turbulent velocities in a turbulent reactive-scalar- 
mixing layer. Conserved scalar theory was used to characterize the mixing field of 
the reactants and relate it to experiments by others in non-reactive-scalar-mixing 
layers. An experiment similar to that of Bilger et al. but using water was con- 
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ducted by Komori et al. (1993). Studies have been conducted in thermal mixing 
layers in air by LaRue, Libby & Seshadri (1981), Ma & Warhaft (1986), Gibson, 
Jones & Kanellopoulos (1989) and others. Bilger et al. (1991) used their data to 
test conserved scalar theory, closures for the reaction rate, and the gradient model 
for the turbulent flux. Their work has provided well-resolved data that have led 
to the development of the conditional moment closure (Bilger 1993). It has also 
been used in linear-eddy modelling of turbulent transport with finite rate chem- 
istry by Kerstein (1992), in direct numerical simulations of turbulent reacting flow 
by Me11 et al. (1993, 1994) and in theoretical study of reactant spectra by Kosaly 
(1993). 
The effects of parameters such as large Schmidt number and large Schmidt number 
differences are not addressed by the conserved scalar theory. A different approach 
which addresses this more directly was originally developed by Broadwell & Brei- 
denthal (1982). This was later modified slightly by Broadwell & Mungal (1991) who 
compiled more recent data to support the model. Comparisons between the two 
approaches are therefore not made in the present study. 
The measurement techniques established by Bilger et al. (1991) and Li, Brown & 
Bilger (1992, 1995) in the reactive-scalar mixing layer and Li & Bilger (1996) in the 
reactive line source are used in the present work to study the reactive point source of 
NO in a grid flow of 03. 
A review of reactive and non-reactive plume studies will now be given. In turbulent 
reactive flow studies NO and 0 3  have often been used as reactants because they 
are readily available and have a simple, well-understood reaction. Experiments using 
these reactants have been reported by Komori & Ueda (1984) using a jet and a 
plume of NO in a grid flow of 03, by Builtjes (1983) in a wind tunnel boundary 
layer, by Vila-Guerau de Arellano et al. (1993), Cheng et al. (1986) and Bange (1993) 
using an aeroplane in the Earth’s atmosphere and by Delany et al. (1986) using 
ground-mounted instruments in the Earth’s atmosphere. Cheng et al. (1986) find that 
NO2 production is limited by the rate of mixing at the centre of the plume. Bange 
(1993) investigates the effects of instrument smoothing and shows that its effect is to 
apparently increase the timescale of the chemical reaction. Related studies are those 
done by Shea (1977) of a chemical reaction in a turbulent jet of 0 3  released into an 
atmosphere of NO and by Ibrahim (1987) of a point source of NO released into the 
wake of two opposed flows of 03. In general the data from these studies are limited 
in their temporal and spatial resolution. 
Experimental studies of non-reactive plumes are more common than those of 
reactive plumes and the first seems to have been conducted by Kamp de Feriet (1938) 
in grid turbulence by releasing small soap bubbles from a point source. Mickelsen 
(1960) also used a point source in grid turbulence to study the relative importance of 
molecular diffusion by comparing results for helium and carbon dioxide. Gad-el-Hak 
& Morton (1979) used a point source of smoke in grid turbulence to measure turbulent 
fluxes by scattering light from smoke particles to measure relative concentrations and 
laser-Doppler techniques to measure velocities. More recently Nakamura, Sakai & 
Miyata (1987) and Tsunoda et al. (1993) have made measurements with a spatial 
resolution close to the Kolmogorov scale using dye solution in grid-generated water 
turbulence. Britter et al. (1983) have studied the effect of stable stratification on 
turbulent diffusion from a point source in grid turbulence. Gehrke & Bremhorst 
(1993) and Bremhorst et al. (1989) studied the temperature field downstream of a 
multi-bore jet block in which one jet is heated. The multi-bore jet block is analogous 
to a grid flow. Turbulent pipe flow provides a region of turbulence at its core that has 
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been used to study turbulent diffusion from a point source by Nye & Brodkey (1967) 
and others. Fackrell & Robins (1982) used a neutrally buoyant mixture of propane 
and helium in a laboratory boundary layer. Sawford, Frost & Allan (1985) and Mylne 
& Mason (1991) measured concentration statistics from ground-level point sources 
in atmospheric turbulence. 
The plan of the paper is as follows. The experimental equipment is described and 
its resolution is discussed and shown to be adequate. Results are then presented 
for the flow field to show that it is independent of the cross-stream coordinate. 
The mixing field is analysed and compared to mixing fields in non-reactive flows 
measured by others, by the use of statistics of a conserved scalar, F (defined below), 
which can be derived from normalized non-reactive scalars or from reactive scalars. 
Statistics of reactive scalars are compared with their equilibrium and frozen limits 
derived by conserved scalar theory (Bilger et al. 1991). Probability density functions 
(p.d.f.s) of conserved and reactive scalars are presented followed by species covariance 
and reaction rate closures. Spectra are calculated for conserved and reactive scalars. 
Turbulent fluxes are used to check the reliability of the measurements by ensuring 
they are consistent with conservation considerations. They are then used to calculate 
the turbulent diffusivities and to estimate the dissipation of the conserved scalar 
variance. 
2. Experimental method 
The experimental facility for this study has been specially developed to allow 
simultaneous measurement of reactive scalars and velocities with good spatial and 
temporal resolution. Measurements at the current resolution for a reactive plume are 
not found in the literature. 
The present experimental method is similar to that used by Bilger et al. (1991), 
Li et al. (1992, 1995) and Li & Bilger (1996) in the Turbulent Smog Chamber. 
Measurements are made in a wind tunnel using laboratory air as shown schematically 
in figure 1. The walls are constructed from polyethylene and an overpressure of about 
100 Pa maintains a constant circular cross-section. The polyethylene walls have been 
shown to be essentially non-reactive to 0 3  (Mudford & Bilger 1983). A square grid 
made from square bars 65 mm x 65 mm and of pitch M = 320 mm generates 
the turbulence at the entry of the working section which is 2.8 m in diameter and 
8 m long. The solidity of the grid is 35%. Details of the initial conditions of each 
experiment can be found in table 1. The nominal mean axial velocity of the flow (u) is 
0.5 ms-', giving a Reynolds number Re = ~ M / v  = 10700, where v is the kinematic 
viscosity. The turbulence Reynolds number at x / M  = 7 is Re, = u'L,/v = 420, 
where L, is the integral lengthscale of the turbulence (an estimate for L, is made in 
53.1). The point source has a diameter d,, = 31.5 mm and is located at the centre 
of the working section at a distance xo = 3M from the grid. The main flow (stream 
2) is doped with O3 at the fan intake and is well mixed by the time it reaches the 
grid, having passed through three right-angle bends, and r0,,2 fi: 1 p.p.m., where Ti 
is the mole fraction of species i. The velocity of the point source, Ups, (stream 1) is 
matched to and consists of N2 doped with NO, TNO,J = 515 p.p.m. The reactants 
undergo the reaction N0+03  -+N02+02+200 kJ(mo1)-' with reaction rate constant, 
k = 0.37 p.p.rn.-'s-' at 25 "C and 1 atm. In the absence of ultraviolet light the reaction 
is irreversible. The heat release at the concentrations used causes negligible rise in 
temperature. The diffusion coefficients at these conditions are 9 ~ 0  = 0.18, 903 = 0.22 
and 9conservedscalar = 0.20 cm2 S-'. 
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FIGURE 1. Schematic diagram of experimental facility. 
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Symbol Samples per rNO,1  To3,z U x / M  a,,, 
A 213 515.0 0.479 9 167 
B 213 515.0 0.485 9 151 
C 214 515.0 0.471 12 162 
D 213 515.0 0.518 15 189 
E 213 5 15.0 0.496 17 214 
F 213 515.0 0.574 7 137 
G 215 5 15.0 0.516 9 141 
H 213 5 15.0 0.525 9 160 
I 213 515.0 0.529 15 208 
J 215 515.0 1.074 0.506 I 121 
K 215 515.0 0.988 0.495 9 158 
L 215 515.0 0.947 0.498 17 206 
M 215 515.0 1.016 0.543 7 131 
N 215 515.0 1.005 0.534 9 157 
0 215 515.0 1.050 0.529 12 181 
P 2'5 515.0 1.024 0.531 15 207 
channel (p.p.m.) (p.p.m.) (m s-l) (mm) 
TABLE 1. Experimental conditions. 
Profile 
orientation 
Horizontal 
Horizontal 
Horizontal 
Horizontal 
Horizontal 
Vertical 
Vertical 
Vertical 
Vertical 
Horizontal 
Horizontal 
Horizontal 
Vertical 
Vertical 
Vertical 
Vertical 
Date 
(all 1993) 
March 23 
March 8 
February 9 
April 3 
March 10 
March 9 
January 27 
March 23 
April 3 
April 10 
April 7 
April 6 
April 10 
April 7 
April 3 
April 3 
Good spatial and temporal resolution is possible because of the careful selection 
of the flow parameters for the experiment. The mean velocity is kept low so the 
Kolmogorov scale will be relatively large. The pitch of the grid is large enough to 
bring the Reynolds number up to an adequate level. The present experimental set-up 
is a compromise between the need for having a known turbulence field at a reasonably 
high Re, measurement stations as far downstream as possible, Damkohler numbers 
(defined later) of order unity, achieving enough spatial and temporal resolution for 
the analysers and a limited budget. 
Velocity components in the axial and radial directions were measured by a constant- 
temperature hot-wire anemometer. Simultaneous 4-channel point measurements (two 
components of velocity and two reactants) were taken across the flow at different 
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stations downstream of the point source. The hot-wire and gas sampling probes were 
placed at the same axial location 18 mm apart in the radial direction which caused 
no interference in the measured flow field. Data are passed through a 50 Hz low-pass 
filter and sampled at 128 Hz using a 12 bit A/D converter. The number of samples 
for each point measurement was between 213 and 215 per channel, which corresponds 
to sampling times of 1 and 4 minutes, respectively (full details in table 1). All data 
processing is performed on 486 PCs. 
The two velocity components were measured by a constant-temperature hot-wire 
anemometer using an X-wire probe. Calibration was done statically using a TSI 1125 
calibrator and a third-order polynomial was fitted to the calibration data. The hot 
wires were recalibrated after each experiment and drift was found to be negligible. 
The dual chemiluminescent analysers used to measure the high-frequency fluctu- 
ations of NO and O3 were originally developed by Mudford & Bilger (1983) and 
later modified by Bilger et al. (1991). Those presently in use are essentially the same 
as that used by Li et al. (1992, 1995). The r.m.s. fluctuation of each analyser due 
to instrument noise is approximately 0.03 p.p.m. This noise is not a function of the 
measured concentration. The gas sample flow through each reaction chamber, Qsa,nple ,  
is 70 std cm3s-l. Sampling is through a Teflon tube 2.8 mm in diameter and 3.1 
m long with a sonic nozzle at the inlet. The delay time and reaction in the tube 
are compensated for in data processing (Bilger et al., 1991). The flow rate for each 
reactant in excess for the chemiluminescent analysers, Qexcess, is 87 std cm3s-l and 
each reaction chamber has a volume, V&mber, of 32 cm3 and operates at a pressure 
of 3.5 kPa(abso1ute). Using the volume and pressure in front of the photomultiplier 
tube and the flow rates of the sample and reactants in excess, the spatial resolution 
of the present system is estimated as l = 9.8 mm assuming a spherical form for the 
flow around the sonic nozzle according to the equation: 
The estimated spatial resolution is approximately four times the Kolmogorov scale 
for this flow (53.1). The NO calibration was done using a gas cylinder of known 
concentration and diluted with precision flow meters. The O3 calibration was done by 
titration with NO according to the method of Post & Kewley (1978). Straight lines 
were fitted to the NO and O3 calibration data by the method of least squares. 
The frequency response of the chemiluminescent analysers was measured to be 
approximately 20 Hz by the method initially described by Mudford & Bilger (1983) 
and later used by Bilger et al. (1991), which uses signal processing theory from Bendat 
& Piersol (1971). 
In order to confirm that a 20 Hz frequency response was adequate to measure 
the quantities of interest, the data were passed through a 10 Hz third-order low- 
pass digital filter and reprocessed. Variance, skewness ( S )  and kurtosis ( K )  of both 
reactants were found to drop by no more than 3% on the centreline. The loss in 
the reactant variances is as expected from the reactant spectra (presented later), 
where 10 Hz is seen to be nearly two decades down the reactant spectrum. At 
two decades down the spectrum a loss of variance of the order of 1% would 
be expected. The probability density functions of the reactants and the conserved 
scalar were also recalculated using the low-pass filtered data and no observable 
differences were found. In addition to checking that the frequency response of the 
chemiluminescent analysers is adequate, it is also necessary to quantify the effects 
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of spatial averaging. The effect of such resolution on scalar measurements has been 
quantitatively investigated by Mansour, Bilger & Dibble (1990). Their investigation 
concerned Raman/Rayleigh laser measurements in turbulent flames but has general 
application to other physical measuring systems. They assume the Pao-Corrsin scalar 
spectrum and isotropic flow which is approximated by the present experiment. They 
find that the error in the scalar variance depends on the probe length relative 
to both the integral lengthscale and the scalar microscale. For the conditions of 
this experiment their analysis shows that the loss of scalar variance with a spatial 
resolution of 1 = 10 mm, found from (l), should be less than 2%. If 1 is increased to 
20 mm the loss of scalar variance does not exceed 5%. Mansour et al. also investigate 
the effect of varying the spatial resolution on the shapes of the scalar probability 
density functions. Their results show that for spatial resolutions close to that of 
the present experiment little change in the shape of the p.d.f. would be expected, 
other than to reduce any sharp peak. In summary, it is concluded that the frequency 
response and spatial resolution of the chemiluminescent analysers is adequate to 
measure the quantities of interest in this investigation including higher moments of 
the reactants. 
3. Results 
A cylindrical coordinate system is used to present the data with the point source 
as the origin. The axial and corrected radial coordinates are denoted by x and r ,  and 
their instantaneous velocities by U and I/, respectively. Unprocessed experimental 
data were collected using the radial coordinate r” which was corrected by 6, the shift 
in the mean plume centreline as explained in 53.2. All experimental profiles traverse 
the full width of the plume and are shown on the figures to emphasize symmetry. 
Consequently an apparently negative radius appears on the figures. Instantaneous 
values are denoted by upper case, e.g. r ( x ,  r ,  t )  with means denoted by overbars and 
fluctuating components by lower case, e.g. y(x, r ,  t )  = r ( x ,  r ,  t )  - f ’ (x,  r ) .  Root mean 
square values are indicated by primes, e.g. y’ = (?)*I2. 
3.1. Flow field 
The flow field in the test section is that of normal grid flow, i.e. the statistics of the 
velocity do not vary significantly in the radial direction. The measured mean velocity 
(U w 0.5 m s-*) is approximately constant for each experimental profile and is shown 
in table 1. The typical standard deviation of u across the flow is 3% of the mean. An 
example of a mean velocity profile at x/M = 7 (10M from the turbulence-generating 
grid) is shown in figure 2(a). Figure 2(b) shows a profile of the Reynolds stress, 
uV/(u’v’), at x/M = 7. Radial coordinates in figure 2 are normalized by M to show 
their position in relation to the grid bars (later radial profiles are normalized by 
CJ,,,, defined below). The figure shows a 4M wide transverse profile through the wind 
tunnel centred on its centreline. This width corresponds to approximately half the 
width of the wind tunnel. While some scatter is seen in uV/(u’v’) and u it does not 
correspond to the grid bars (located at r /M = -2, -1, 0, 1, 2) indicating that there is 
no effect from irrotational wakes behind the grid bars at this location. The measured 
turbulence intensity profiles for u ’ / u ,  v’/u and uz’/U are approximately constant 
with typical standard deviations across the flow at x/M = 7 of 5% of the average 
intensities. Here v2 denotes a radial velocity fluctuation orthogonal to the direction 
of u and v. The decay of the axial and radial mean-square velocity fluctuations, 7 
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and 3, respectively, are shown in figure 3. Decay laws fitted to the data are 
- - 
U 2  -1.37 V 2  - 1.27 
- = 0.173 (G) , - =0.041 (x) . 
D2 u2 
The measured decay is similar to that of Warhaft (1984). The flow is anisotropic 
with u'/u' = u'/v2' = 1.8 as shown in figure 3. The flow shows no trend towards an 
isotropic condition because the region of measurement is relatively close to the grid. 
At all measurement locations zi'/v2' = 1 which is necessary for the plume to spread 
uniformly in all radial directions and to ensure an axisymetric diffusion condition. 
The boundary layer which develops along the wind tunnel walls does not reach the 
plume in the length of the working section. 
In the range of axial measurements ( x / M  = 7 to 17) the turbulent kinetic energy, 
defined as k, = ;(d2 + d 2  + v*'~), varies from 1.45 x to 5.74 x lop4 m2c2.  Its 
dissipation obtained from E = -Ddk,/dx, varies from 3.19 x to 6.16 X ~ O - ~  
m 2 r 3  over the range of measurements. These values give estimates for the integral 
scale, L, = I z : ' ~ / E ,  of 170 and 220 mm and the Kolmogorov scale, q = ( V ~ / F ) ' / ~ ,  of
1.8 and 2.7 mm, at x / M  = 7 and 17, respectively. 
The injection velocity of the point source is adjusted to match that of the mean flow 
and no velocity deficit is observed in the velocity profiles at the axial measurement 
stations. The spectra of the velocity at x / M  = 7 show no observable differences at 
various radial locations which indicates that the point source has caused minimal 
disturbance to the flow. Typical spectra for u and v are shown in figure 4. The point 
source measurements of Nakamura et al. (1987) have a point source velocity 1 to 1.5 
times that of the mean velocity, while Komori & Ueda (1984) used a ratio of 1 and 
A reactive plume in grid turbulence 38 1 
I 1 . . . . I . .  . . 2.0 
I I . . . . I * .  . * I o  
6 11 16 21 
xlM 
FIGURE 3. The decay of the longitudinal velocity variance, 2, the cross-stream variance, 7, and the 
anisotropy, uI/vI: o, U2/U2; O, V2/U2; A, uI/uI. 
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FIGURE 4.Spectra of u and v at x / M  = 7. A line of slope -: is also shown. 
Gad-el-Hak & Morton (1979) used a ratio of 2.5. The latter high value may explain 
some differences between their results and those obtained in the present experiment, 
as discussed later. 
3.2. Mixing Jield 
The mixing of the plume with the surrounding fluid can be described in terms of 
a suitably defined conserved scalar. Since the system is passive the mixing found 
here should show agreement with measurements and theory for non-reacting scalar 
mixing. Such comparisons make it possible to validate the experimental procedures 
used here. Conserved scalars obtained in this way are linearly related to all other 
conserved scalars in the flow provided the Lewis number (= a / 9 )  is unity, where CI is 
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FIGURE 5. Profiles of mean mixture fraction at x / M  = 7, 15 and 17. The full curve is the Gaussian 
function. Symbols for all subsequent figures are, unless otherwise stated : open symbols, reactive 
experiments; full symbols, non-reactive experiments: 0, x / M  = 7; A, x / M  = 9; V, x / M  = 12; 0, 
x / M  = 15; 0, x / M  = 17. 
the thermal diffusivity for all species i. The statistics of the mixing field are important 
in generating the limits to reactant scalar statistics given by conserved scalar theory. 
The quantity r N O  - To, is a conserved scalar with no chemical source term. Such 
variables are sometimes known as ShvabZel'dovich functions. They can be used to 
define a conserved scalar referred to hereinafter as the mixture fraction, 
(2) r N O  - + r03,2 F =  
r N O , 1  + ro3,2 ' 
where subscripts 1 and 2 denote unmixed conditions in the plume and the grid flow, 
respectively. The mixture fraction has a value of zero in the unmixed O3 stream and 
a value of unity in the unmixed NO stream. 
Figure 5 shows cross-stream profiles of mean mixture fraction, F, from reactive and 
non-reactive experiments at various stations in the flow. The centreline mean mixture 
fraction F, has been used as the normalizing variable. The Gaussian function 
was assumed for each profile. The values of F,, om, the standard deviation of the 
mean plume F profile and 6, the shift in the mean plume centreline, were obtained by 
least-squares fitting to each profile. A correction r = r" - 6 was made to all profiles 
presented in the figures so that r = 0 at the radial location of Fc. The range of 6 was 
less than 30 mm over all the profiles presented in the figures. This is considered quite 
acceptable in view of the much larger dimension of the plume. _ _  The normalized F data 
in figure 5 collapse well onto the plotted Gaussian curve F / F ,  = exp{-i(r/a,)2). 
The grid-turbulence experimental results of Nakamura et al. (1987) in water and 
Komori & Ueda (1984) in air also collapse onto Gaussian curves. 
Figure 6 shows the axial decay of the centreline mean mixture fraction, F, and the 
centreline r.m.s. mixture fraction, f c  = f," . Empirical decay laws -112 
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FIGURE 6. Axial decay of the centreline mean and r.m.s. mixture fraction. Symbols as in table 1: 
upper case, mean; lower case, r.m.s. The decay laws (4) are also shown. 
are fitted to the data without the use of a virtual origin. Constants K F  = 0.0445 and 
Kf = 0.0674 give the best fit for these data. 
The exponent in (4) for the decay of the mean centreline mixture fraction was also 
found to be -1 by both Komori & Ueda (1984) and Nakamura et al. (1987). The 
lack of need for a virtual origin may be due to the placement of the point source 
downstream of the grid at xo = 3M rather than at xo = 2M or 1.5M as Nakamura 
et al. (1987) did in a dye plume in water, or at x / M  = 0 as Komori & Ueda (1984) 
did in thermal and concentration plumes in air. They found virtual origins of 3M 
and 2M,  respectively. Placement of the point source at x g  = 0 causes the plume 
to commence its development in a region of complex developing turbulence. Grid 
turbulence develops relatively quickly downstream of the grid. Jayesh & Warhaft 
(1992) have found that by x / M  = 4 the axial velocity intensity behind the grid bar 
and at the centre of the mesh, between the bars, become equal. The location of the 
point source in the present experiment is close to this distance at x / M  = 3. The 
results of this experiment support the view that placement of the point source at such 
a location may reduce the need of a virtual origin. 
The standard deviation of the F profile, om, which is a measure of the growth of 
the mean plume, is shown in figure 7 and was found to follow the power law 
with KOm = 0.160 giving the best fit for these data. The data show some scatter and 
it appears that at the lower values of x / M  the remnants of the turbulent convective 
stage of the plume (defined below), where 6, develops as ( x / M ) ,  are still present. The 
exponent of is as expected from an assumption of conservation of mixture fraction 
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The power law (5) is also shown. 
for F,  having a decay exponent of -1. Nakamura et al. and Komori & Ueda both 
find growth exponents of :. 
It was originally recognized by Taylor (1921) that there are three stages in the evo- 
lution of a plume. In high Reynolds number, non-decaying, homogeneous turbulence 
the stages are: 
Molecular diffusion, t << D/v", Grn K t'/2; 
Turbulent diffusion, t >> tL, om cc t ' / 2 ;  
Turbulent convection, D / 7  << t << tL, om cc t ;  
where tL is the Lagrangian timescale. The present flow is decaying grid turbulence 
but Taylor's theoretical basis for understanding the development of the plume has 
been applied to this type of flow by Anand & Pope (1985), Warhaft (1984) and 
Stapountzis et al. (1986) who studied thermal line sources in grid turbulence. The 
physical dimensions of the point source exceed that of the Kolmogorov scale so 
that the present plume does not have a molecular diffusion stage. In the region of 
measurement, x / M  = 7 to 17, t > tL indicating that the plume is in the turbulent 
diffusive stage. 
By the use of either Prandtl's mixing-length theory or the assumption of self- 
preservation of the scalar field, turbulent diffusivity can be expressed as D,,f = 
const x u'L,. In grid-generated flow, turbulence decays downstream and so turbulent 
diffusivity will also change. However, from $3.1, u'L, is found to be a weak function of 
axial distance which goes as (x/M)O.~. This represents a change in turbulent diffusivity 
of less than 30% in the range x / M  = 7 to 17. Normalization of turbulent diffusivity 
will not be by u'L, because of its small change with axial distance. In keeping with 
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most other descriptions of scalar transport in grid turbulence and to make direct 
comparisons with other experimental results, normalization will be by U M ,  denoted 
Taylor’s diffusion theory may be used to estimate b,,j. By assuming long diffusion 
as b,,f = D,, f / (UM).  
times the relation (Hinze 1975) 
7 m , j  
0; = T ( X  - x’) 
U 
is obtained, where x* is the x-coordinate of a virtual origin for the spread of oi, 
which in this case was found to be negligible. Using (5) and (6) and normalizing by u 
and M a value of b,, = 0.0128 was obtained. Komori & Ueda (1984) using a thermal 
air plume in grid turbulence ( x / M  = 18 for M = 30 mm; present experiment M = 
320 mm) and the gradient model obtain values of b, ,~ in the range 0.012 to 0.017. 
Their results are somewhat higher than the present results. Nakamura et al. (1987) in 
a water plume (26.5 ,< x / M  < 80 for M = 10 mm and 13.5 < x / M  6 40 for 20 mm) 
use Taylor’s diffusion theory from which br,, can be found to be 0.00442 and 0.00531, 
respectively. The intensity of their velocity, u’/V, was within 20% of that found in the 
present experiment. Although the values are lower by a factor of about 2 than those 
obtained in the present experiment, they are quite close considering the differences 
in the fluid properties and the measurement techniques used in eack experiment. In 
the scalar mixing layer of Bilger et al. (1991) maximum values of D,,, occur on the 
centreline and are found to be about 0.017, which is slightly higher than that found 
in the present study. 
The constant, K F ,  in (4) for the decay of the mean centreline mixture fraction can 
be related to the turbulent diffusivity, Dt,j. Nakamura et al. (1987) have shown that 
assuming similarity of the mixture fraction mean and flux fields and the gradient-type 
model of diffusion (the form of (7) in Nakamura et al. contains a typographical error 
which has been corrected here). Equation (7) assumes a constant value of turbulent 
diffusivity, which, as explained above, is approximated in the present flow. The value 
of K F  from (7), using the b,,j, = 0.128 obtained from (6) ,  is 0.047 which is quite close 
to the experimentally determined value of 0.0445 from (4). 
The equivalent source strength, Q, was calculated for each profile as a check on the 
measurements. Noting that the mean velocity, u, is constant and that .f makes no 
significant contribution to Q, we have, 
rm 
Q is obtained by normalizing by the source strength, Qo, that is the value of Q at 
x = 0. The point source has a top-hat distribution and so QO = indi,Ups, noting 
that at x = 0, F = 1 by definition. Mixture fraction is a conserved quantity ?nd so 
Q should have the constant value of unity at any axial location. Values of Q were 
found to vary from 1.08 to 0.82 with a mean of 0.95. Two factors contribute to this 
scatter in Q because they affect the calculation of F. First, the low and less accurate 
 NO values that occur at large radii contribute significantly to the error in Q because 
it is weighted in the integrand of (8) by r .  Secondly, drift in the chemiluminescent 
analysers, though small relative to ro3,2, will shift the calculation of mixture fraction 
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FIGURE 8. ( a )  Profiles of r.m.s. value of mixture fraction at x / M  = 7, 15 and 17. The full curve 
shows data of Nakamura et al. (1987). Symbols as in figure 5. (b )  Profiles of the r.m.s. of the mixture 
fraction in the centreline region normalized by local mean mixture fraction, f‘/F, at x / M  = 7, 9, 
15 and 17. 
from (2) because the numerator contains the term (-TO, + f‘o,,~). For example, where 
To, is, say, 90% of ro,,2, a 1 % drift in the chemiluminescent analyser will cause a 10% 
error in (-TO, + Both analysers were calibrated before and after experiments. 
Drift from the calibration u%ed for either analyser during experiments was less than 
2% of  TO,,^. The scatter in Q from non-reactive and reactive experiments shows no 
observable differences. 
Figure 8(a) shows profiles of the r.m.s. of the mixture fraction, f’ normalized by 
fi. Data of Nakamura et al. (1987) from a plume of dye solution in grid-generated 
water turbulence in the region 13.256 x / M  <40 are also plotted. The point source in 
their experiments was located at xg = 0 and a virtual origin of 3M downstream of 
the grid was used. The two sets of data generally show the same features, although 
those of Nakamura et al. have greater self-similarity, and this is attributable to them 
being at a location further downstream. 
Figure 8(b) shows profiles of the intensity of fluctuation in the centreline region 
at all axial locations except x / M  = 12, which is omitted for clarity. The intensity is 
the r.m.s. of the mixture fraction normalized by local mean mixture fraction, f ’ / F .  
The variation on the centreline from 0.8 at x / M  = 7 to 0.6 at x / M  = 17 shows that 
self-similarity has not been reached. There are limited data available on the moments 
of a scalar dispersing from a point source. For this reason data in figures 8(b) and 
9 (described below) will be compared to point sources released in boundary layers. 
Fackrell & Robins (1982) made wind tunnel measurements of intensity and found a 
centreline value of 0.6 using a ground-level neutrally buoyant plume of propane and 
helium in a boundary layer. Sawford (1987) made ground-level measurements of a 
plume in the atmospheric boundary layer and found the intensity on the centreline 
to be approximately 1.0. Values of intensity in the present experiment are consistent 
with those obtained by the other investigators considering the differences in the types 
of flow. 
Figure 9 shows profiles of skewness, S = f3/ff3 and kurtosis, K = f”/f4 at 
x / M  = 7 and 17. Profiles at other locations ( x / M  = 9, 12 and 15) show a similar 
trend. There is no observable difference for f’, S and K derived from reactive and non- 
reactive experiments. S and K both show significant departures from the Gaussian 
values of S = 0 and K = 3, particularly away from the centreline. Sawford (1987) has 
measured S and K for a plume in the atmospheric boundary layer. On the centreline 
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FIGURE 9. Profiles of skewness and kurtosis of mixture fraction at x / M  = 7 and 17: 
open symbols, S ;  full symbols, K .  Symbol shapes as in figure 5. 
he obtains average values of 1.3 and 4.4, respectively, although there is considerable 
scatter in the data. The values of S and K from the present experiment at x / M  = 
7 and 17 bracket the average centreline values obtained by Sawford (1987) whose 
plume was released at a height of 0.5 m and measured 25 m down wind at a height 
of 0.8 m. 
For self-similarity the normalized moments f ' ( x ,  r ) / F ( x ,  r )  and p(x, r)/f'"(x, r )  
should be constant. However, the second normalized moment is found to be a 
weak function of axial distance (f',/F K ( x / M ) - O . ~ ~ ) .  Figure 8(b) confirms this axial 
dependence by showing the centreline region in detail. Close examination of the 
centreline region of figure 9 shows that from x / M  = 7 to 17, S drops from about 
1.4 to 1.0 and K from 5.5 to 4.2 although there is some scatter of the points. All 
measurements have been made in the initial region of the decay of the turbulence 
( x / M  6 100) and so self-similarity would not be expected (Hinze 1975, chapter 3). 
The data do, however, collapse quite well using om as the cross-stream normalizing 
variable. 
3.3. Reactive species fields 
We shall now present the reactive scalar statistics which have not been measured 
in reactive plumes at the present resolution by others. As noted in $1 the reactive 
scalars are passive and have no effect on the fluid mechanics. From the conserved 
scalar statistics it is possible to calculate limiting cases for the reactive scalars. The 
limiting cases are important for the theoretical study of turbulent reacting flows 
and for validation of models. We consider three such limiting cases here: the frozen, 
equilibrium and reaction-dominated limits (Bilger et al. 1991). Each limit is a function 
of the mixture fraction and can readily be calculated from the conserved scalar data 
of $3.2. A brief explanation of the assumptions on which each limit is based will now 
be given. For full details the reader is referred to Bilger et al. (1991). 
The Damkohler number is defined as 
It represents the ratio of the timescales of turbulence and chemical reaction. The value 
of N D  for all reactive experiments is approximately 0.24. The frozen limit (No  + 0) 
is the reactant concentration that would result by mixing without chemical reaction, 
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and is 
The equilibrium limit ( N D  + co) is the reactant concentration that would occur if the 
chemical reaction rate were infinite. The reaction rate in this case is mixing-limited 
and the reactant concentrations are 
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ria = FrNO,l, rt3 = (1 - F)ro,,2. (10) 
r60 = ( r N O , I  +r0,,2)(F-Fs)H(F-F,), rA3 = ( r N O , I  fr03,2)(Fs-F)H(Fs-F) (11) 
where H ( z )  is the Heaviside unit step function with value zero for z < 0 and value 
unity for z > 0 and Fs is the stoichiometric mixture fraction. The latter is the mixture 
fraction at which both reactant concentrations are equal and is therefore obtained by 
setting r N O  = To3 in (2). 
The reaction-dominated limit, r:d, assumes instantaneous mixing at x = 0 followed 
by reaction for the mean convection time from the point source, x/g.  It is valid when 
the smallest characteristic timescale of mixing is much greater than the characteristic 
timescale of the chemical reaction. The reactant concentration obeys 
r N O J  { __ = wi, arid at ryd(t = 0)  = 
and the solution of (12) is a lower bound on ryd for any chemistry rate. The three limits 
discussed above bracket reactant concentrations as follows: I'f d rid d r, < rp. 
If this constraint is violated it can only be explained by differential diffusion or 
experimental error. There is no such constraint on variances, covariances, p.d.f.s and 
turbulent scalar fluxes. 
The mean reaction rate is normalized by the ambient chemical timescale as follows 
(note that WNO = GO,): 
and has the normalized frozen flow limit 
which can be simplified in plumes by noting that F << 1 and f ' 2  << F to 
The normalized equilibrium limit is (Bilger et al. 1991) 
where 2, is the conditional expectation of the scalar dissipation (x = 2 9 V f  * V f )  
for F = F,, Pe is the Phclet number defined as D M , I g c o n s e r u e d s c a l a r ,  p ~ ( F ; x )  is the 
probability density function of F defined such that p F ( F ; x ) d F  is the probability that 
F lies between F and F + d F  at x, the gradients in F ,  V F ,  are non-dimensionalized by 
M and No. It can be shown (Bilger et al. 1991) that the mean reaction rate, W must lie 
between its respective frozen and equilibrium values. This experiment was designed 
to measure the statistics of the reactive scalars NO and 0 3 .  The product, NOz, was 
not measured and no results for it are presented. However, it is possible to find its 
statistics from the results presented here using  NO^ = ria -  NO = r:, - To,. 
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FIGURE 10. Mean NO concentration with frozen and equilibrium limits a t  x / M  = 7, 9 and 17 with 
normalization of all profiles a t  each axial location by measured mean NO centreline concentration 
at that Iocation. Symbols as in figure 5. 
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FIGURE 11. Mean O3 concentration at  x / M  = 7, 9 and 17 normalized by unmixed 0 3  
concentration with frozen and equilibrium limits. Symbols as in figure 5. 
Figure 10 shows profiles of mean NO concentration, TN0, with frozen and equilib- 
rium limits all normalized by T N o , ~  at x / M  = 7, 9 and 17. The experimental results 
are bracketed by the limits that would be expected from conserved scalar theory. 
The profile of TNO is close to Gaussian (not shown). Figure 11 shows profiles of 
mean O3 concentration, TO,, at x / M  = 7, 9 and 17 normalized by ro, ,~,  the back- 
ground concentration of 03. The latter varied slightly between experiments because 
the ozone generator used was not able to produce a repeatable concentration from 
one experiment to another but the value during each experiment was constant. Table 
1 shows values of ro3,2, which are close to 1 p.p.m. for all reactive experiments. TO, 
profiles collapse quite well using this method of normalization. Equilibrium limits are 
shown in figure 11 but frozen limits have been omitted for simplicity as they have 
- an almost constant value near 1.0. There is a trend with increasing axial distance for 
rN0 and TO, at all radial locations to move relatively closer (in between frozen and 
equilibrium limits) to their respective equilibrium limits. 
Only a few reactive plume results are reported in the literature. Useful comparisons 
to the present results can be made with the work of Builtjes (1993) who used a wind 
tunnel boundary layer and Ibrahim (1987) who used a point source of NO released 
into the wake of two opposed flows of 03. Builtjes reports profiles of reactants parallel 
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FIGURE 13. R.m.s. of O3 concentration fluctuation at x / M  = 7, 9 and 17 normalized by unmixed 
0 3  concentration with frozen and equilibrium limits. Symbols as in figure 5. 
to the boundary-layer surface and on the centreline in a streamwise direction. The 
results show quite a lot of scatter because the experimental equipment could only 
reproduce measurements within 15% for O3 and 30% for NO. The transverse mean 
reactant profiles are approximately Gaussian as in the present experiment and show 
similar features. The results of Ibrahim also show a lot of scatter. Radial profiles 
of the reactant means are approximately Gaussian. Probability density functions of 
the conserved scalar on the centreline show the presence of significant amounts of 
unmixed ambient fluid and the conserved and reactive scalar profiles do not reach 
0 at the walls of the reaction chamber. This indicates that the mixing field is quite 
different to the present experiment and further comparison does not seem possible. 
Figure 12 shows profiles of the r.m.s. NO concentration, ?'NO, normalized by ?'NO,<, 
at x / M  = 7 and 17 with frozen and equilibrium limits. Unlike the mean values there 
is no theoretical constraint requiring r.m.s. values to fall between the frozen and 
equilibrium limits. In general ylNO lies at or below the equilibrium limit. 
Figure 13 shows profiles of the r.m.s. O3 concentration normalized in the same 
way as that for TO,, y ' o , / r ~ , , ~  at x / M  = 7, 9 and 17. Equilibrium limits are shown 
but the frozen limits which are close to 0 are omitted for clarity. Like the results for 
?'NO, those for y'o, lie close to their equilibrium limit, and similarly do at times lie 
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outside the bound of frozen and equilibrium limits. For the plume reactant (NO) the 
r.m.s. equilibrium limit can be seen from figure 12 to be below the r.m.s. frozen limit, 
indicating that the effect of reaction is to reduce the fluctuations. For the ambient 
reactant (03) the r.m.s. limits shown in figure 13 are the other way around indicating 
that the effect of reaction is to increase the fluctuations. When the reactant r.m.s. 
values and their respective limits are compared with the scalar mixing layer data of 
Bilger et al. (1991) it is found that the plume reactant has its limits placed in the same 
way as the reactant not in excess, i.e. the frozen limit is above the equilibrium limit. 
On the other hand the ambient reactant behaves as the reactant in excess and has 
its equilibrium limit above its frozen limit. The dip on the centreline of the O3 r.m.s. 
profiles indicates that the ambient reactant is showing a tendency here not to be the 
reactant in excess. This is because mixing of the ambient reactant into the plume has 
not been sufficient on the centreline for 0 3  to continue to be as abundant as it is off 
the centreline. The equilibrium limits for the O3 r.m.s., which are a function of the 
mixture fraction only, also show this dip confirming that it is related to the mixing 
process. 
The axial profile of normalized centreline NO mean and r.m.s., r N 0 , c / r 0 3 , 2  and 
~ ' N o , ~ / ~ ; N o , ~  can be found in figures 14 and 15, respectively. Frozen and equilibrium 
limits with the same normalization are also shown. The empirical decay laws for the 
centreline NO mean and r.m.s with normalization as in figures 14 and 15 were found 
to be 
- 
= K,N0(x/M)0~031 ?'NO,c 
r NO,c 
= Kr,,(x/M)-'.5', - r NO,c 
. . . I . . , . I . . 
1.6 I 
YINO,C 
fiN0.C 
Frozen limit 
0 Equilibrium limit 
u - - 5 - - - -  : ____-- - - - - - - -  - 
A virtual origin was not needed and constants KrNO = 47.43 and K,,, = 0.843 
gave the best fit for this data. Decay exponents for centreline NO mean and r.m.s. 
frozen limits are rn = -1 and -0.19, respectively, and that for equilibrium limits 
are -1.76 and -0.025, respectively. The decay exponent for the normalized r.m.s 
centreline concentration of NO is 0.031, which indicates that the NO r.m.s. intensity 
(i.e. r.m.s./mean) is virtually constant. The result is not surprising when it is noted 
that the frozen and particularly the equilibrium limits are also weak functions of 
axial position. It can be observed from figure 14 that there is no greater scatter for 
mean NO decay than that for the fitted decay lines for the mixture fraction derived 
from non-reactive and reactive experiments in figure 6. Further, the fit of the lines 
in both cases is quite good. This indicates that the effect of the chemical reaction on 
the reactant decay is constant in the axial region of measurement. This conclusion is 
confirmed by observing that the centreline mean equilibrium limit also decays at a 
constant rate. 
Figure 16 shows profiles of skewness and kurtosis of NO concentration normalized 
by reactant r.m.s. values in the same way as that for the mixture fraction. As expected, 
NO, being a reactive scalar, has S and K which both depart from Gaussian values 
more than those for the mixture fraction. Near the centreline the profiles from 
different axial locations have collapsed better than that for the mixture fraction. 
This may be because the occurrence of low-probability, high-concentration fluid 
parcels containing NO, which contribute to non-Gaussian behaviour, is reduced 
under reactive conditions. 
Figure 17 shows profiles of skewness and kurtosis of O3 concentration normalized 
in the same way as that for the mixture fraction. As found for the S and K of NO, 
those for 0 3  show better collapse than those for the mixture fraction. The K of O3 
has a peak on the centreline. The peak is related to the mixing process because the 
equilibrium values of K for O3 (not shown) also have a peak. 
3.4. Probability density functions 
The p.d.f. of a conserved scalar (in this case mixture fraction) gives a complete 
description of the state of mixing of two fluids. It also gives information about the 
proportion of unmixed fluid present (scalar intermittency). Measured p.d.f.s of the 
0 
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FIGURE 17. Skewness and kurtosis of 0 3  concentration at x / M  = 7,9, 12, 15 and 17: open 
symbols, S ;  full symbols, K .  Symbol shapes as in figure 5. 
reactive scalars will be compared with frozen and equilibrium limits derived from the 
p.d.f. of the mixture fraction using conserved scalar theory. 
Figure 18(a,b) shows NO probability density functions at x / M  = 17 near to and 
away from the centreline at r/om = -0.033 and 1.09, respectively. For presentation 
on the figures rN0, ria and rfio are normalized by r&, the mean frozen limit 
centreline NO concentration, and denoted as z .  Frozen and equilibrium limits were 
calculated using (10) and (11) as was done by Bilger et al. (1991). Figure 18(c,d) 
shows O3 p.d.f.s normalized by r0,,~ with equilibrium limits prepared in the same 
way as that for NO. The frozen limit is not shown since it is close to a &function at 
unity. Because the reaction between NO and O3 is a one-for-one reaction, the area 
under the p.d.f. equilibrium limit of one of the reactants (excluding &functions) will 
be the 6-function at z = 0 for the equilibrium limit of the other reactant. This is seen 
on the centreline NO p.d.f. equilibrium limit (figure 18a) where the area (excluding 
&functions) is 0.6 which corresponds to a centreline O3 p.d.f. equilibrium-limit 6- 
function (figure 18c) of strength 0.6. The latter indicates that on the centreline NO 
is in excess. The situation is slightly more complicated off the centreline because 
unmixed fluid is present. This is represented as a &function of strength 0.15 at 
z = 0 and 1 for the NO (figure 18b) and 0 3  (figure 18d) p.d.f. equilibrium limits, 
respectively. In addition to these scalar-intermittency &functions which occur off the 
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03, r/a, = -0.033; ( d )  Oj, r/n, = 1.09. The full curve is the measured reactant p.d.f., the dashed 
curve is the frozen limit and the dotted curve is the equilibrium limit. 
centreline others exist as a result of fully reacted fluid. The NO p.d.f. equilibrium 
limit (figure 18d) has an area (excluding &functions) of 0.25 which corresponds to 
an O3 p.d.f. equilibrium-limit &function of strength 0.25 at z = 0. Excluding scalar- 
intermittency &functions, at finite Damkohler number there is no direct evidence of 
these &functions. 
The mixture fraction is not shown on a separate figure because it is the same as the 
frozen limit for NO but with different normalization. It can be obtained from figure 
18(a,b), where z = r N O / r & c ,  by the relation p F ( F )  = r N O , 1  / ~ ~ O , ~ ~ Z ( Z ~ ~ O , ~ / ~ N O , ~  1- 
OR the centreline the measured NO frozen limit (mixture fraction) has a b-function 
at zero mixture fraction associated with unmixed fluid. The &function is smeared by 
noise. On the centreline it can be seen from the NO frozen-limit p.d.f. that there is 
very little unmixed ambient fluid present. The results of Gad-el-Hak & Morton (1979) 
in the range x / M  = 10 to 45, using smoke in air, show no unmixed fluid present 
between r/cr, = 0 and r/crm = 1, while Nakamura et al. (1987) in water in the range 
x / M  = 13.25 to 40, find that concentration signals are quite intermittent even on 
the centreline. The data of Gad-el-Hak & Morton (1979) may show a larger region 
where unmixed fluid is absent around the centreline because of their use of a rela- 
tively large point source of diameter d J M  = $, whereas we have used dps,fM = &. 
The increased intermittency on the centreline found by Nakamura et al. (1987) may 
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FIGURE 19. Joint probability density function of the two reactants with the reaction-dominated 
limit at x / M  = 17 and r / c ,  = -0.033. 
be the result of Schmidt number (= v / 2 )  effects because their experiment was 
in water. Further detailed comparison between these two results and the present 
results is not possible because of differences in relative size, placement and velocity 
of the point sources, measurement thresholds of instruments and properties of the 
fluids. 
Turning now to the behaviour of the reactants it can be observed that off centreline 
in figure 18(b) the NO p.d.f. is behaving as that of a reactant not in excess. Higher 
concentrations are close to the equilibrium limit and lower concentrations form a 6- 
function because they result from reacted-out fluid. The corresponding off-centreline 
p.d.f. for 03, shown in figure 18(d), is typical of a reactant in excess. The measured 
p.d.f. has a &function over the unmixed 0 3  concentration showing that little or no 
O3 has reacted there and the reactant p.d.f. is well above its equilibrium limit. On the 
centreline the measured NO p.d.f. of figure 18(a) is still generally typical of that of a 
reactant not in excess, but not to the extent of that off the centreline. The O3 p.d.f. 
on the centreline, shown in figure 18(c), is more typical of that of a reactant not in 
excess, which is in contrast to its behaviour off the centreline shown in figure 18(d). 
This behaviour is consistent with that of the O3 r.m.s. profiles shown in figure 13 
where the presence of a dip on the centreline of the measured and equilibrium limit 
was caused by insufficient O3 being brought to the centreline by the mixing process. 
Apparently, on the centreline there is not sufficient 0 3  available for its behaviour to 
remain fully that of a reactant in excess. The behaviour of the p.d.f.s of NO and O3 
to be that of reactants not in excess and in excess, respectively, is consistent with 
that of the reactants in the scalar mixing layer of Bilger et al. (1991), which has 
been discussed above in relation to the reactant r.m.s. values. In brief the reactant on 
the side from which it does not come behaves in the same way as the plume (NO) 
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FIGURE 20. Reactant covariance normalized by inlet concentrations at x / M  = I ,  17 with 
equilibrium and reaction-dominated limits. Symbol shapes as in figure 5. 
reactant while the reactant on the side from which it does come behaves in the same 
way as the ambient reactant (03). 
The joint p.d.f. of   NO and TO, is shown in figure 19 on the centreline at 
x / M  = 17. Under frozen conditions the p.d.f. lies on the line T0,/To3,2 = 1 - 
(r03,2/rN0,1)(rNO/ro,,2). At the equilibrium limit the deficient reactant is zero and so 
the p.d.f. lies along the axes. The reaction-dominated limit (Bilger et al. 1991; Kerstein 
1992; Mell et al. 1994), which assumes instantaneous mixing at x = 0 followed by 
reaction for the mean time of convection from the point source, is also shown on the 
p.d.f. The limit has a hyperbolic shape and is a lower bound on the reactants for any 
given mixture fraction. This is in contrast to the results of Bilger et al. (1991) who, 
somewhat unexpectedly, found the reaction-dominated limit approximately followed 
the median reactant concentration. Lines of constant mixture fraction on figure 19 
are diagonals parallel to the line shown for constant stoichiometric mixture fraction, 
which is ro3/ro3,2 = Z'NO/To3,2. 
3.5. Species covariance and reaction rate closure 
Measurements of joint statistics of reactive scalars in turbulent reactive plumes are 
difficult to make. Results at the present resolution are not found elsewhere in the 
literature. Of particular interest here is the mean reaction rate because of the need to 
find a closure for this term when modelling turbulent reacting flows. It is a non-linear 
function which has been modelled in many ways as discussed in $1. Some of these 
closures will be compared with the reaction rate measured in the present plume. The 
reaction-dominated limit is shown on the joint p.d.f. of T N O  and To, and is discussed 
in $3.4. 
Figure 20 shows reactant covariance at x / M  = 7 and 17, normalized by unmixed 
reactant concentrations, ~NOYO,/TNO,JTO,,J. The equilibrium and reaction-dominated 
limits are shown at both locations but the frozen limits are not shown because they 
are very small. Data lie at the equilibrium limit away from the centreline but are 
beyond the equilibrium limit on the centreline indicating that the effect of reaction 
has been to greatly increase the covariance. At x / M  = 7 the equilibrium limit has 
a dip on the centreline but the data do not have a dip. The equilibrium limit is a 
function of the mixture fraction and so its dip must be related to the mixing process. 
At x / M  = 17 the dip in the equilibrium limit is smaller but the data do follow it. 
The correlation coefficient RNO,O, = YNOYO,/Y'NOY'O,, is similar for all profiles, being 
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FIGURE 21. Mean reaction rate profiles normalized according to (13) at x / M  = 7 and 17 with the 
closures of product means and Toor. Symbol shapes as in figure 5.  
-0.77 on the centreline and rising to -0.82 at r/om = 1.8. Beyond r/om = 3.0 RNO,O~ 
falls quickly to zero. &0,o3 lies between its frozen value of -1 and its equilibrium 
value of about -0.4 on the centreline and -0.59 at r/om = 1.8. Bilger et al. (1991) 
find values of RNo,03 between -0.8 and -0.6 on the centreline of a reacting scalar 
mixing layer for No (defined in their experiment as k M ( I ' ~ 0 , l  + I'o,,Z)/V) between 
0.3 and 1.98 using a similar flow field to this experiment. Atmospheric measurements 
of R N O , ~ ,  have been found to lie between -0.4 and -0.8 and its value is critical in 
models of atmospheric chemistry (Vila-Guerau de Arellano, Talmon & Builtjes 1990). 
The intensity of segregation, a = YNOYO,/TNOTO,, is qualitatively similar to RNO,~, ,  
being -0.55 on the centreline and rising to -0.6 off the centreline. It is also bracketed 
by frozen and equilibrium values of about -0.005 and -1, respectively on the 
centreline. The similarity in the behaviour of a and R N O , ~ ,  is because the only 
difference in these two quantities is in their denominators, which contain reactant 
means and r.m.s. values, respectively. For a constant value of r/om the ratios of 
r.m.s. to mean for NO and 0 3  (i.e. ~ ' N O / ~ N O  and y'o,/f;o,) are approximately 
constant at all axial measurement locations. For NO this can be seen in (17) and 
for O3 it can be observed by comparing figures 11 and 13. An experiment conducted 
by Komori & Ueda (1984) gave positive values of a of up to 20 in a turbulent 
reacting plume similar to the one studied here. Theoretical difficulties for a > 0 
in a non-premixed reacting flow were pointed out by Bilger, Mudford & Atkinson 
(1985) because a positive value does not lie between the frozen and equilibrium 
limits. Komori et al. (1991) have more recently indicated a possible reason for the 
positive values of a. Their wind tunnel was not designed to homogeneously dilute 
O3 with air to a scale less than the Kolmogorov scale so a truly non-premixed 
condition may not have been attained in the ambient O3 coflow. Dependence of 
R N O , ~ ,  and a on variation in initial reactant concentration is to be investigated in 
further work. 
Figure 21 shows the normalized mean reaction rate, G, as given in (13) at x / M  = 
7 and 17. The frozen reaction rate, obtained from (14), is not shown since its value 
is beyond the scale for most of the range of r/om, for example, on the centreline at 
x / M  = 7 and 17, @ = 3.24 and 1.34, respectively. The equilibrium reaction rate on 
the centreline can be obtained by using the simplifying assumptions that the second 
term in (16) is negligible and that X, = X. The value of X used is that found from 
the mixture-fraction variance flux data using (19); and @ can be calculated relatively 
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easily, and is found to be 0.30 and 0.10 at x / M  = 7 and 17, respectively. When 
the frozen and equilibrium limits for % estimated above are compared with the data 
of figure 21 it is found that the measured data are bracketed by their limits as is 
predicted by conserved scalar theory. Further, the reaction rate is approaching its 
equilibrium limit with increased distance downstream which is in agreement with the 
trend for the mean values of the reactants and their covariance. 
The simple product of means closure, which neglects the covariance m, is 
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FIGURE 22. ( a )  Spectra for mixture fraction, NO and 0 3  at x / M  = 17 and y/a, = -0.003. The 
full curves are the mixture fraction (frozen limit for both reactants), symbols are the measured 
reactant spectra and the dotted curves are the equilibrium limits. Frozen, measured and equilibrium 
spectra for 0 3  are shown two decades higher. A line of slope -$ is also shown. (b )  Mixture fraction 
and reactant pre-multiplied and dissipation spectra; ( c )  coherence of cross-spectral density function 
between ?NO and yo, ; ( d )  associated phase. 
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shown on figure 21. The agreement with the measured values is poor. The closure 
proposed by Toor (1969) is also shown. This closure simplifies the covariance YNOYO, 
to its equilibrium value yh0y&, (as shown in figure 20). The Toor closure overestimates 
the reaction rate considerably at x/M = 7 but is within 15% of the measured values 
at x / M  = 17. Figure 20 shows that the measured values of covariance lie beyond the 
equilibrium limit but do approach the limit with increased axial distance. The Toor 
closure will always overestimate 3 while the covariance lies beyond its equilibrium 
limit. 
3.6. Spectra 
Figure 22(a) shows spectra for mixture fraction and reactive scalar (including equi- 
librium limit) fluctuations close to the centreline at x / M  = 17 and r/om = -0.033. 
The spectrum for the mixture fraction represents frozen limits for both reactants. 
Frozen, measured and equilibrium spectra for 0 3  have been moved up two decades. 
The power spectral density, Ey(@),  has been normalized so that the area under the 
graph is unity. A line of slope -$ is shown in figure 22(a) indicating a region where 
an inertial subrange exists. The spectrum for the mixture fraction (frozen limit) and 
NO are virtually identical down to the cutoff frequency of 64 Hz. The spectrum of 
O3 is slightly higher than that for the frozen limit below about 10 Hz. The spectrum 
of the O3 equilibrium limit is noticeably higher than that for NO below 7 Hz. This 
difference in measured and equilibrium spectra of NO and O3 is not due to a low 
signal level being dominated by noise because, here on the centreline, TO, = 0.307 
p.p.m. is lower than  NO = 0.672 p.p.m., yet away from the centreline, where TO, 
increases and TNO decreases, the spectra demonstrate similar behaviour. It is possible 
that the high-frequency spectrum of O3 contains contributions from residual fluctua- 
tions due to incomplete mixing with the air. However, the most likely explanation is 
that 0 3  is behaving as a reactant in excess. A reactant in excess has its fluctuations 
increased by reaction. Its measured and equilibrium limit would be expected to be 
further above its frozen limit than that for NO, which is a reactant not in excess 
(deficient reactant). 
The pre-multiplied and dissipation spectra of the mixture fraction and reactants at 
x / M  = 17 and r/om = -0.033 are shown in figure 22(b). The variance-bearing eddies 
peak at about 1 Hz which is the same frequency as the peak of the turbulent-energy- 
containing eddies. The peak of the mixture-fraction dissipation spectrum occurs at 
approximately 6 Hz. The Kolmogorov lengthscale, q, at  this location in the experiment 
has previously been estimated to be about 2.7 mm which corresponds to a frequency 
of 185 Hz. The peak of the dissipation of the mixture fraction is occurring at about 
3 0 ~ .  This agrees with the estimate of the maximum dissipation by Warhaft & Lumley 
(1978). It is thought that the maximum dissipation of the reactive scalars should 
occur at a frequency close to that of the conserved scalar, and this appears to be the 
case. The frequency response of the chemiluminescent analysers extends well into the 
region where dissipation is occurring. 
Figures 22(c) and 22(d) show the coherence between rNO and ro3 and associated 
phase shift at x / M  = 17 and r/om = -0.033. These two figures show that the 
reactants still correlate with each other in the frequency range where maximum 
dissipation occurs. Beyond 20 Hz the coherence in figure 22(c) falls quickly and the 
phase in figure 22(d) becomes uncorrelated. This is in agreement with the coherence 
and phase of the reactants in the scalar mixing layer of Li et al. (1993). It is not 
possible to say whether this break at 20 Hz is due to the behaviour of the reactants 
or to instrument response. At these frequencies the signal amplitude is low so the 
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signal to noise ratio is poor. Beyond about 25 Hz the coherence drops to the 
level of noise but this will make no contribution to the local correlation coefficient 
because the phase shift is random in this region. The correlation coefficient at the 
sampling location for figure 22 is RNO,O, = -0.77. While it receives contributions 
from frequencies up to 20 Hz it can be seen from the reactant spectra in figure 
22(a) that by 2 Hz the magnitude is down by a factor of 5. Thus nearly all the 
contributions to RNO,O, come from frequencies close to the energy-containing eddies 
around 1 Hz. 
3.7. Fluxes 
Turbulent transport is an important part of any modelling of turbulent reacting 
flow. 
Figure 23(a) shows profiles of turbulent fluxes normalized by r.m.s. values to give 
the correlation coefficient, v f / ( v ’ f ’ ) ,  at all axial measuring locations. Comparison 
of the flux data with directly measured fluxes from other experiments is limited 
because few experiments make the necessary simultaneous measurement of scalars 
and velocities. The flux data of figure 23(a) are in qualitative agreement with those 
of Gad-el-Hak & Morton (1979) who measured fluxes in smoke plumes using laser- 
Doppler velocimeter techniques. Their point source was located at  xo = 0. The 
maximum correlation coefficient they obtained was 0.35 which is consistent with the 
present results, although their centreline value does not return to zero. Owing to 
the disturbance effect of their method of introducing the smoke and the difficulty 
of obtaining concentration fluctuation measurements their results show considerable 
scatter which limits further comparison. Fluxes have also been measured by Komori 
& Ueda (1984) in a thermal plume at  the same axial location from the grid as the 
present results ( x / M  = 17), though the point source was located at xo = 0 and 
had a larger diameter, d,JM = 4 (the present experiment has d,,/M = &). These 
results cannot be presented on figure 23(a) because (T, is not given and the fluxes 
are normalized by the local mean values. When the present results are recalculated 
in this alternative form it is found that the general shape of the flux profile is 
similar: the peak occurs at approximately the same radial location but its magnitude, 
. f , , , /UFc = 0.0064, is only approximately half of that found by Komori & Ueda 
(1984). Further comparison between their scalar transport and that of the present 
experiment is made later using the normalized turbulent diffusivity. 
Turbulent fluxes of the reactants, NO and 0 3 ,  normalized by the local r.m.s. values 
to give the correlation coefficient are shown in figures 23(b) and 23(c), respectively at 
all axial measuring stations. Equilibrium limits, normalized by local measured r.m.s. 
values, are shown only at x / M  = 7 and 17 for clarity. Frozen limits for NO (not 
shown) are the same as that for the mixture-fraction flux. Frozen limits for O3 are not 
shown because they are close to zero. The mixture-fraction-flux correlation coefficient 
has a maximum magnitude of approximately 0.35 while that for NO is 0.3 and that 
for O3 is 0.45. The measured correlation coefficients for the NO and 0 3  fluxes are 
close to their equilibrium limits at all axial locations. The equilibrium limits for the 
plume (NO) fluxes are greater in magnitude than those for their respective frozen 
limits whereas those for the ambient (03) fluxes are reversed. This behaviour of the 
plume and ambient limits is the same as that noted for the limits of the reactant r.m.s. 
values of figures 12 and 13. It is also consistent with that observed in the reacting 
scalar mixing layer of Bilger et al. (1991) for reactants that are not in excess and 
in excess, respectively. These results indicate that in modelling reacting plumes the 
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plume reactant may possibly be determined simply from its equilibrium limit whereas 
this may not so for the ambient reactant. 
Assuming high Reynolds numbers, negligible axial fluxes and equal diffusivities of 
reactants, the flux measurements were checked using the balance equation for the 
mixture fraction, 
-af'  avy u--2-=o. 
dx dr 
The second term in (18), the diffusion term, changes rapidly and it was difficult to 
determine accurately except on the centreline. At this location the imbalance of the 
terms was no more than 10% of the total magnitude of all terms. 
Figure 23(d) shows profiles of the variance flux, Vf2, normalized by the local r.m.s. 
values to give the triple correlation coefficient. The profiles collapse satisfactorily 
but with more scatter than that for uf, which is to be expected for a third-order 
correlation. 
An estimate of the mean scalar dissipation, Z, may be made from figure 23(d). The 
balance equation for the scalar variance can be simplified using the assumptions of 
(18) near the centreline to 
-ap aelf2 u- + 2- + x = 0. ax ar 
Equation (19) is solved for X. Because the radial gradient of elf2 changes very rapidly 
on the centreline the scatter in the points makes it very difficult to estimate the 
gradient accurately. The centreline gradient has therefore been estimated by first 
taking a representative gradient through a point on the linear part of the flux profile 
on figure 23(d). Actual gradients were then found by multiplying by y2, obtained 
from (4) and o', which is approximately constant in the radial and axial directions. 
At x / M  = 15 and 17 values of x were 8 . 5 ~ 1 0 - ~  scl and 5 . 3 ~ 1 0 - ~  s-l, respectively. 
In order to compare these values of with those obtained by other investigators 
the timescale ratio of kinetic energy dissipation to that of scalar dissipation, a, = 
(X/Y2) / (e /k t ) ,  was calculated. At x / M  = 15 and 17 values for a, of 1.8 and 2.1, 
respectively were found, while stations closer to the grid had lower values. The 
growth in a, could be because of changes in the way the plume is developing and/or 
because the simplifying assumptions of (1  9) break down. The values are, however, 
comparable with those found in other flows such as the thermal scalar mixing layer 
of Ma & Warhaft (1986) who find a value of 1.6 at high x / M  or the value of 2 
commonly used in modelling turbulent reacting flows. Gehrke & Bremhorst (1993) 
have estimated a, in air using a multi-bore jet block in which one jet is heated in 
the region 9 ,< x / M  d 140 and find values in the range 1.8 to 1.6. The configuration 
of their experiment is the closest to the present experiment known where dissipation 
estimates have been made. They used a Reynolds number close to that of the present 
experiment. Although they obtained a similar value of a, care should be taken in 
making a direct comparison because they used temperature as the passive scalar 
whereas we have used gas concentration. However, the difference between these two 
scalars is expected to be relatively small because the Prandtl (= v / a )  and Schmidt 
FIGURE 23. Profiles of correlation coefficients obtained from turbulent fluxes normalized by r.m.s. 
values at x / M  = 7, 9, 12, 15 and 17 unless stated otherwise. Symbols as in figure 5. (a) Mixture 
fraction. (b)  NO with equilibrium limits at x / M  = 7 and 17. (c) 0 3  with equilibrium limits at 
x / M  = 7 and 17. ( d )  Mixture fraction variance at x / M  = 7, 15 and 17. 
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(= v / 9 )  numbers are approximately equal. Given the uncertainties in the estimation 
of a, from figure 23(d), its closeness to values found by Gehrke & Bremhorst (1993) 
in a point source, and other investigators in different types of flows, confirms the 
reliability of the measurement technique used. 
4. Conclusions 
Measurements in a turbulent reacting plume are made at a resolution not previ- 
ously reported in the literature. The frequency response and spatial resolution of the 
chemiluminescent analysers used to measure the concentration fluctuations are found 
to be adequate to measure reactant higher moments, p.d.f.s, fluxes and spectra. Con- 
served scalar theory is used to deduce a conserved scalar from the reactive scalars. The 
conserved scalar data are internalIy consistent from source strength and conservation 
considerations. Conserved scalar data are compared with existing non-reacting plume 
data and found to be consistent with them where valid comparisons can be made. It is 
concluded that the assumptions of conserved scalar theory (including the equal diffu- 
sivity assumption) are basically valid for this flow and that the theory is a very useful 
framework for interpreting the data from turbulent reacting flows. The development of 
the plume is in the region relatively close to the grid and the decay of the normalized 
conserved scalar moments indicates that self-similarity has not yet been reached. 
Data for the reactive scalars have been compared with frozen and equilibrium 
limits based on the conserved scalar theory. At the Damkohler number used (0.24) it 
has been found that the reactant moments are, in general, closer to the equilibrium 
limit than the frozen limit. The reactant statistics are bracketed by the limits where 
there is a theoretical requirement that this be so, i.e. in the case of the mean and 
reaction rate. Other statistics do tend to lie between the limits but this is not always 
so, as in the case of the reactant r.m.s. and covariance values. The reactants show 
a trend to greater reactedness with axial distance. A lower bound on the reactant 
means is obtained from the reaction-dominated limit which is found by assuming 
instantaneous mixing to the downstream mixture fraction at the commencement of 
the plume, followed by reaction for the time of convection. 
When the data are compared with reactants in the reacting scalar mixing layer of 
Bilger et al. (1991), the plume reactant behaves as a reactant not in excess, whereas 
the ambient reactant generally behaves as a reactant in excess. This behaviour is not 
as pronounced on the centreline where dips in the ambient reactant r.m.s. profiles 
with low scalar intermittency (i.e. no unmixed fluid present) indicate that the mixing 
process only brings a relatively small amount of ambient reactant into the centre of 
the plume. The results generally indicate that in the region of these measurements, 
which is relatively close to the grid, the plume reactant (NO) is not in excess and 
consequently tends to be close to its equilibrium value. These findings indicate that 
in modelling plumes the plume reactant may be calculated from its equilibrium value 
whereas this may not be the case for the ambient reactant. 
The reactant covariance is found to lie beyond its equilibrium limit. This is most 
pronounced on the centreline and upstream. The reactant correlation coefficient is 
found to be approximately -0.80 across the centre of the plume which is consistent 
with values found in other reacting flows including atmospheric measurements. The 
intensity of segregation is found to have a negative value similar to that reported 
by Bilger et al. (1991), which is as expected in non-premixed flows and unlike that 
of Komori & Ueda (1994) who found positive values in imperfect non-premixed 
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conditions. The coherence of reactants at frequencies where the maximum dissipation 
is occurring is still high and it remains so up to the cut-off frequency of the instruments. 
The reaction rate is overestimated by about 15% using the Toor (1969) closure 
downstream but the error is up to 65% closer to the grid, because conditions are 
further from equilibrium there. 
Turbulent scalar diffusivity is calculated by Taylor’s diffusion theory and was close 
to that found in other similar flows. The scalar dissipation is estimated from the 
variance flux and the ratio of the timescales of kinetic energy dissipation and scalar 
dissipation, a,, was found to be close to that found in other similar flows. 
Useful discussions with Dr S.H. Stirner and the help of Dr J.D. Li with the 
experimental equipment are gratefully acknowledged. This project is supported by 
the Australian Research Council. 
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